A closed-form, two-dimensional analytical solution is developed to investigate the acoustic performance of a concentric circular Helmholtz resonator lined with fibrous material. The effect of density and the thickness of the fibrous material in the cavity is examined on the resonance frequency and the transmission loss. With the expressions for the eigenvalue and eigenfunction in the cavity, the transmission loss is obtained for a piston-driven model by applying a pressure/ velocity matching technique. The results from the analytical methods are compared to the numerical predictions from a three-dimensional boundary element method and the experimental data obtained from an impedance tube setup. It is shown that the acoustic performance of a Helmholtz resonator may be modified considerably by the density and thickness of the fibrous material without changing the cavity dimensions.
I. INTRODUCTION
Their continuous strands combined with broadband acoustic attenuation characteristics make fibrous materials desirable for silencer applications. In terms of the bulkreacting model, Scott 1 presented an analysis of the sound transmission in infinite rectangular and circular ducts; Ko 2 discussed the characteristics of sound attenuation of infinite rectangular, annular, and circular ducts; and Nilsson and Brander 3 and Cummings and Chang 4 investigated the effects of a perforate screen and mean flow on the modal attenuation rates, respectively. Cummings and Chang 5 further analyzed a finite length dissipative expansion silencer including mean flow by a mode-matching technique. Peat 6 developed a transfer matrix formulation for a dissipative expansion chamber from the match of the average acoustic pressure and volume velocity across the chamber discontinuities. Since only the fundamental mode was included, the model's accuracy was confined to low frequencies. By including additional terms in the series expansions for the Bessel and Neumann functions, Kirby 7 determined transmission loss for a circular dissipative duct filled with fibrous material which was separated from the mean flow path by a perforated screen. Due to the inherent limitation of expansions, the approach remains confined to relatively low frequencies. Selamet et al. 8 developed a one-dimensional ͑1D͒ analytical and three-dimensional ͑3D͒ boundary element method ͑BEM͒ approaches for sound attenuation in single-pass concentric perforated dissipative silencers. They further investigated numerically and experimentally the acoustic behavior of a specific type of hybrid silencer, consisting of two single-pass perforated dissipative chambers combined with a Helmholtz resonator. 9 Xu et al. 10 developed a two-dimensional ͑2D͒ analytical solution to examine the acoustic performance of dissipative expansion chambers. Selamet et al. 11 further investigated the effect of perforated ducts on the sound attenuation in dissipative silencers.
While the fibrous material is known to be typically effective at relatively high frequencies, the reactive Helmholtz resonators are widely used to control noise at low frequencies. Such resonators consist of a volume communicating to main duct through a neck and produce narrow bands of high acoustic attenuation. The resonance frequency modeled by an equivalent spring-mass analogy is f r ϭ(c 0 /2)ͱS n /(V c L n ) with c 0 being the speed of sound and S n , L n , and V c being the neck cross-sectional area, the neck length, and the resonator volume, respectively. However, due to the higher modes excited on both sides of the neck, the neck length is usually ''corrected'' by adding a term ͑end correction ␦ n ) to improve the accuracy. 12, 13 Ingard 12 investigated the effect of neck geometry, such as cross-sectional area shape, location, and size, on the resonance frequency of a Helmholtz resonator with a circular or rectangular cavity cross section. Alster 13 extended the springmass analogy and presented a semiempirical formula for resonators of various shapes. Although various expressions of end correction have been suggested, the correction at the junction remains somewhat unclear because of the threedimensional structure.
14 In order to predict resonator response accurately, a multi-dimensional analysis of the connector-volume interface is usually required. For the reactive Helmholtz resonators, the effect of cavity volume, cavity shape, neck location, and neck extension have been recently investigated with different approaches. [15] [16] [17] [18] In addition to the effect of length-to-diameter ratio of the volume on the resonance frequency and transmission loss characteristics by using lumped and 1D approaches, 15 a number of circular concentric configurations have been studied with lumped, 1D radial and axial, 2D analytical, and 3D BEM approaches. 16 A 3D analytical approach is proposed to investigate the effect of neck offset on the a͒ Electronic mail: selamet.1@osu.edu behavior of circular asymmetric Helmholtz resonators. 17 The effect of neck extension into the cavity of a circular Helmholtz resonator has also been examined. 18 While the fibrous materials have been used to enhance the attenuation of another reactive silencer, the expansion chamber, they have not been closely examined in connection with Helmholtz resonators, except for some early claims. 19 Therefore, the basics of the impact of fibrous material on the Helmholtz resonator are yet to be explored. Thus, the objective of the present study is, in the absence of mean flow in the main duct, to ͑1͒ investigate theoretically, numerically, and experimentally the acoustic attenuation performance of a concentric circular Helmholtz resonator with the cavity lined with fibrous material, and ͑2͒ examine the effect of the density and thickness of this material on the resonator behavior. A 2D analytical solution is developed to investigate the acoustic performance. With the eigenvalue and eigenfunction determined from the governing eigenequation, the transmission loss is obtained by applying a pressure/velocity matching technique to the piston-driven model. The results from the analytical approach are compared to the predictions from a 3D boundary element method and the experimental data obtained from an impedance tube setup.
Following this Introduction, Sec. II obtains the expressions for the eigenvalue and eigenfunction in the cavity by solving the governing eigenequation, and develops a twodimensional analytical approach by applying a pressure/ velocity matching technique to the piston-driven model. Following a brief summary of the 3D boundary element method in Sec. III, Sec. IV discusses the effect of the fibrous material on the transmission loss, and compares the analytical results with numerical predictions and experiments. The study is concluded with final remarks in Sec. V.
II. TWO-DIMENSIONAL ANALYTICAL APPROACH
A piston-driven circular Helmholtz resonator is shown in Fig. 1͑a͒ , with a cavity volume of circular cross-section of radius r 3 lined with fibrous material of thickness hϭr 3 Ϫr 2 , and a neck of radius r 1 and length L n . The neck, the airway, and the fibrous material in the cavity are denoted by domains I, II a , and II b , respectively.
A. Wave propagation for circular neck "domain I…
For a two-dimensional axisymmetric wave propagation in the neck ͑domain I͒, the Helmholtz equation is given by
with P being the acoustic pressure and k 0 ϭ2 f /c 0 being the wave number of the air with c 0 being the speed of sound and f the frequency. The acoustic pressure can be expressed as
where the subscripts x, A, n denote axial direction, domain I, and mode number, respectively. A n ϩ and A n Ϫ are the modal amplitudes corresponding to components traveling in the positive and negative x directions, respectively;
is the eigenfunction where J 0 is the zeroth-order Bessel function of the first kind, k r,A,n is the radial wave number satisfying the rigid wall boundary condition of
and
is the wave number in the axial direction.
In terms of the linearized momentum equation, the particle velocity in the x direction may then be obtained from Eq. ͑2͒ as
with 0 being the density of air and the angular velocity. 
B. Wave propagation for cavity volume "domains II a and II b …
The cavity volume ͑domains II a and II b ) of circular cross section is covered by fibrous material of thickness h. The filling material is assumed to be homogeneous and isotropic, and characterized by the complex speed of sound c and density . Similar to the preceding section, the twodimensional sound wave propagation in cylindrical coordinates (r,x) is governed by
with k ϭ2 f /c denoting the wave number of the fibrous material ͑domain II b ). The airway and the fibrous material have the common axial wave number k x,B,n and different radial wave numbers k r,B,n ͑for the air͒ and k r,B,n ͑for the fibrous material͒ related by 
. ͑10͒
The acoustic pressure and axial and radial particle velocities are then expressed as
and 
The solution for Eq. ͑15͒ is expressed as
,n r ͒, 0рrрr 2 ,
where Y 0 denotes the zeroth-order Neumann function; C 1 -C 4 are the coefficients related by the following four boundary conditions at rϭ0, r 2 , and r 3 : ͑1͒ At rϭ0, the pressure is finite, thus Eqs. ͑11͒ and ͑16͒ yield C 2 ϭ0. ͑17͒
͑2͒ From Eqs. ͑13͒, ͑14͒, and ͑16͒, the rigid wall boundary condition at rϭr 3 gives
with J 1 and Y 1 being the first-order Bessel and Neumann functions, respectively. ͑3͒ From Eqs. ͑13͒, ͑14͒, and ͑16͒, the continuity of radial particle velocity at rϭr 2 gives
͑4͒ At rϭr 2 , the continuity of the acoustic pressure in Eq. ͑11͒ yields
Equations ͑11͒, ͑12͒, ͑14͒, and ͑22͒ yield the pressure and the particle axial velocity in the cavity as
and u x,B ͑ r,x ͒ϭ
The expressions for the pressure and particle velocity are similar to those in the neck if the cavity contains only the air or the fibrous material.
C. Boundary conditions
With the expressions of the pressure and particle velocity in both the cavity and neck ͓Eqs. ͑2͒, ͑6͒, and ͑24͔͒, the unknown coefficients are then determined by using the boundary conditions at xϭ0 and xϭL c . In view of Eq. ͑24͒, the rigid boundary condition at xϭL c , u x,B (r,xϭL c )ϭ0, gives
At xϭ0, the continuity of the acoustic pressure and axial particle velocity across the interface gives P A ϭ P B , 0рrрr 1 , ͑26͒
or, in view of Eqs. ͑2͒, ͑6͒, and ͑24͒,
͑29͒
In order to solve Eqs. ͑28͒ and ͑29͒, the infinite series of unknown amplitudes must be truncated to a suitable number, and the equations of the same number solved for the amplitudes of the acoustic waves. An analytical approach originated in Ref. 20 is used to match the sound field between the neck and cavity. Imposing the continuities of the integral of the pressure and axial velocity over discrete zones of the neck-cavity interface (xϭ0), Eqs. ͑28͒ and ͑29͒ yield the pressure and velocity matching conditions 
D. Resonance frequency and transmission loss
Assuming decay of the higher order modes through neck from xϭ0 to xϭϪL n , the acoustic impedance at xϭϪL n can be calculated with the amplitudes determined from Eqs. ͑25͒, ͑30͒, and ͑32͒ as
with u p being the axial velocity at xϭϪL n , leading to the evaluation of resonance frequency. With an anechoic termination at the exit of the main duct and plane wave propagation through the main duct, transmission loss for a pipemounted Helmholtz resonator maybe determined by 18 TLϭ10 log 10 ͯ 1ϩ
where S n and S p are the cross-sectional areas of the neck and main pipe, respectively.
III. BOUNDARY ELEMENT METHOD
The wave propagation is governed by the Helmholtz equation in Cartesian coordinates, 18 
ٌ
2 P͑x,y,z ͒ϩk 2 P͑x,y,z ͒ϭ0, ͑36͒
with its integral form for an acoustic domain given, using the Green's theorem, by
where q 1 and q 2 are points on the boundary surface ⌫, C(q 1 ) coefficient, and G(q 1 ,q 2 ) is the Green's function or fundamental solution given, for a three-dimensional acoustic domain, by
For the pipe-mounted model depicted in Fig. 1͑b͒ , the Helmholtz resonator can be divided into two acoustic domains: unfilled 1 and filled 2. The impedance matrices for each domain are obtained by discretizing the boundaries and then applying Eqs. ͑37͒ and ͑38͒. These matrices are then combined using the boundary conditions for pressure and particle velocity continuities at the interface between two domains. Finally, the transfer matrix, which expresses the relationship between the acoustic pressure and particle velocity at the inlet and outlet of the main duct, is given by
where T i j designates the transfer matrix element, and subscripts in and out indicate the inlet and outlet of the main duct, respectively. Assuming a main duct with constant cross-sectional area, transmission loss can then be calculated from the transfer matrix by TLϭ20 log 10 ͑ 1 2 ͉T 11 ϩT 12 ϩT 21 ϩT 22 ͉͒. ͑40͒
For detailed descriptions of the boundary element method, refer to Refs. 8, 9, and 18.
IV. RESULTS AND DISCUSSION
A cylindrical Helmholtz resonator has been fabricated with r 1 ϭ2 cm, r 3 ϭ7.62 cm, L c ϭ20.32 cm, and L n ϭ8.5 cm. The main duct is built of square cross-section ͑4. 
where Z 0 ϭ 0 c 0 is the characteristic impedance of the air and R ͓mks Rayls/m͔ denotes the absorbent flow resistivity. The measured flow resistivities are 4896 and 17 378 Rayls/m for 100 and 200 g/l material densities, respectively. For the fibrous materials used in this study, Eqs. ͑41͒ and ͑42͒ yield more representative transmission loss results at lower frequencies than empirical formulations applied in Refs. 9-11. An impedance tube test setup 14 is used to obtain transmission loss of pipe-mounted resonators applying the twomicrophone technique. Figure 2 shows the measured transmission loss for a cavity which is empty (hϭ0), filled with two different thicknesses of fibrous material (hϭ2.54 and 5.47 cm͒, and fully filled, while maintaining the overall volume. Also included in Fig. 2 are the corresponding BEM predictions, exhibiting a reasonable agreement with the experimental results. As the absorbent thickness increases to hϭ5.47 cm, both the resonance frequency and the peak value of the transmission loss decrease. The fully filled cavity shows further reduction in the peak transmission loss combined with a nearly diminishing resonance behavior. The experimental peak transmission loss for the empty resonator is 38.9 dB at 99 Hz, which is lowered 15 Hz by the filled cavity of hϭ5.47 cm. The frequency width in which the transmission loss is, for example, 10 dB, is 65 ͑73-138͒, 66 ͑66 -132͒, and 63 Hz ͑58 -121͒ for hϭ0, 2.54, and 5.47 cm, respectively.
To examine the accuracy, the analytical results with dif- ferent numbers of higher order waves ͓varying N in Eqs. ͑31͒ and ͑33͔͒ are compared with BEM predictions in Fig. 3 for a Helmholtz resonator with hϭ5.62 cm (ϭr 3 Ϫr 1 ) and R ϭ4896 Rayls/m. Setting Nϭ0 in Eqs. ͑31͒ and ͑33͒ leads to the overestimation of the resonance frequency. Figure 3 shows that, for the current geometry and frequency range, the analytical predictions are accurate and remain the same for Nу12, thus Nϭ12 is used hereafter. Although the resonance frequency from the analytical method is close to that from BEM, the analytical results shift from the BEM predictions by up to 0.3 dB at times due presumably to the neglect of higher order modes at the neck and main duct interface in the former model. Figures 4 and 5 examine the resonance frequencies as a function of absorbent thickness h and flow resistivity R, respectively. With Rϭ4896 Rayls/m, the resonance frequency decreases from 100 to 80 Hz as h increases from 0 to 5.62 cm ͑Fig. 4͒. The resonance frequency with hϭ5.62 cm (ϭr 3 Ϫr 1 ) decreases from 100 to 76 Hz as the flow resistivity increases to about 8000 Rayls/m ͑Fig. 5͒. However, the resonance frequency remains nearly the same ͑slightly higher͒ for the flow resistivity above 8000 Rayls/m. Figure 6 gives the transmission loss as a function of absorbent flow resistivity with ͑a͒ hϭ5.62 cm (ϭr 3 Ϫr 1 ) and ͑b͒ hϭ1.27 cm. Figure 6͑a͒ shows with increasing flow resistivity that the resonance frequency shifts to lower frequencies and the overall transmission loss decreases relative to the empty chamber. Figure 6͑b͒ shows only small changes. Figure 7 compares the transmission loss for different absorbent thickness with ͑a͒ Rϭ1000 Rayls/m and ͑b͒ R ϭ4896 Rayls/m. Both the resonance frequency and the peak value of the transmission loss decrease with increasing absorbent thickness, consistent with the trends in the earlier subset of Fig. 2 . For low frequencies below the resonance, the transmission loss with thicker absorbent is slightly higher, whereas this behavior is reversed on the other side of resonance.
V. CONCLUDING REMARKS
Acoustic characteristics of a Helmholtz resonator with the cavity lined with acoustically absorbing material have been studied analytically, numerically, and experimentally. Predictions from 2D analytical approach for a piston-driven model show good agreement with BEM. For a pipe-mounted configuration, the BEM predictions of the transmission loss show reasonable agreement with the experiments. The fibrous material in the cavity has been found to lower the resonance frequency and the peak transmission loss. The effects of both the thickness and resistivity of fibrous material on the resonance frequency and acoustic attenuation have been illustrated.
